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Abstract

A study on improvement in performance of multi-pass rectangular heat exchangers with uniform wall temperature

and with external refluxes has been carried out under counterflow operations. An orthogonal expansion technique for

solving such a conjugated Graetz problem is developed and applied to investigate a substantially improving heat

transfer. A description of the average Nusselt number and the outlet dimensionless temperature is given. It is shown

that for asymptotic average Nusselt numbers exit in counterflow as in single-flow operations. Numerical values of

asymptotic average Nusselt numbers are reported for a wide range of Graetz numbers. Comparisons of analytical

results are made with single-flow operations of the same size (without sheets inserted and without recycle). Considerable

improvement in the heat transfer rate for large Graetz numbers is obtainable by introducing the recycle-effect concept in

designing such double-pass operations. The effect of sheet location on the enhancement of heat transfer efficiency as well

as on the increment of power consumption has been also discussed. � 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Dealing with laminar forced convection heat transfer in a bounded duct ignoring axial conduction is known as the

Graetz problem [1,2], while such problems are extended to low Prandtl number fluids such as liquid metals, referred to

the extended Graetz problem [3–6], the assumption of negligible axial conduction is not always valid. The extension of

single-stream problems to multistream or multiphase systems with coupling through mutual conditions at the

boundaries is expected, as in conjugated Graetz problems. Perelman [7] used a general theory of equations to solve

hyperbolic–elliptic conjugated problems. Murkerjee and Davis [8] derived a simple method to analyze the temperature

distribution of a stratified two-phase laminar flow. The conjugated boundary-value problem involving chemical re-

action in hollow-fiber enzyme reactor was studied by Kim and Coony [9], while another conjugated boundary-value

problems in chemical engineering application were treated by Davis and Venkatesh [10]. Among problems involving

any dual combination of fluid and solid phases, Papoutsakis and Ramkrishna [11,12] have developed and presented a

general formalism. Yin and Bau [13] used eigenfunction expansion techniques to solve the simultaneous energy

equations in the fluid and the solid regions.

A new device, with increasing the fluid velocity but the heat-transfer area as well as the aspect ratio kept unchanged,

was introduced by inserting the parallel impermeable sheets in the flow channel to divide it into four subchannels. The

analytical solution for solving such devices with external refluxes is obtainable by the use of an orthogonal expansion

technique [14–16]. The mathematical formulation derived by means of this technique was employed broadly and

successfully by many investigators [17–24], and came out with an infinite number of eigenvalues and only the first

negative eigenvalue was considered for the rapid convergence in the present paper. Applications of the recycle-effect
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Nomenclature

B conduit width, m

cp specific heat at constant pressure, kJ/kg K

De equivalent diameter of conduit, m

Fm eigenfunction associated with eigenvalue km

f friction factor

Gz Graetz number, VW =aBL
Gm function defined during the use of orthogonal expansion method
�hh average heat transfer coefficient, kW/m2 K

Ih improvement of heat transfer, defined by Eq. (51)

Ip increment of power consumption, defined by Eq. (58)

k thermal conductivity of the fluid, kW/m K

L conduit length, m

‘wf friction loss in conduit, m2/s2

Nu Nusselt number

pmn coefficient in the eigenfunction Fa;m
q heat transfer rate, kW

qmn coefficient in the eigenfunction Fb;m
rmn coefficient in the eigenfunction Fc;m
R reflux ratio, reverse volume flow rate divided by input volume flow rate

Re Reynolds number

Sm expansion coefficient associated with eigenvalue km

tmn coefficient in the eigenfunction Fd;m
T temperature of fluid, K

V input volume flow rate of conduit, m3/s

v velocity distribution of fluid, m/s

v average velocity of fluid, m/s

W distance between two parallel plates, m

x transversal coordinate, m

z longitudinal coordinate, m

Greek symbols

a thermal diffusivity of fluid, m2/s

b ratio of channel thickness, Wa=Wb ¼ Wd=Wc

D ratio of channel thickness, Wa=W
g transversal coordinate, x=W
h dimensionless temperature, ðT � TIÞ=ðTs � TIÞ
km eigenvalue

n longitudinal coordinate, z=L
q density of the fluid, kg/m3

w dimensionless temperature, ðT � TsÞ=ðTI � TsÞ

Subscripts

a in the channel a

b in the channel b

c in the channel c

d in the channel d

F at the outlet, n ¼ 0

I at the inlet

L at the outlet, n ¼ 1

0 in a single-pass device without recycle

s at the wall surface
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concept to separation processes and reactor designs with external or internal refluxes have led to improved perfor-

mance, and widely used in absorption, fermentation, and polymerization, such as loop reactors [25,26], air-lift reactors

[27,28] and draft-tube bubble columns [29,30].

The purposes of the present study are an extension of the previous works [15,16] to investigate the improvement of

performance and to develop an orthogonal expansion technique to the heat transfer in multi-pass heat exchangers by

inserting several impermeable sheets with negligible thermal resistance with external refluxes. The solutions to such

problems are obtained by the use of the method of separation of variables, where the resulting eigenvalue problem is

solved by the orthogonality conditions. The effect of impermeable-sheet position on the improvement of transfer ef-

ficiency with reflux ratio and Graetz number as parameters as well as on the increment of power consumption was also

discussed.

2. Temperature distributions in a multi-pass device with recycle

Three impermeable sheets with negligible thermal resistance are inserted in parallel into a parallel-plate channel with

thickness W, length L, and width B ð� W Þ to divide the open duct into four parts, channels a, b, c and d with thickness
Wa, Wb, Wc and Wd, respectively, and the ratio of channel thickness is defined as b ¼ Wa=Wb ¼ Wd=Wc. Before entering

each of the two inner tubes for a four-pass operation (flow pattern A) as shown in Fig. 1(a), the fluid with volume flow

rate V and the inlet temperature TI will mix with the fluid exiting from the inner tube with the volume flow rate RV and

the outlet temperature TF, which is regulated by using a conventional pump. The inlet fluid may flow through two outer

tubes with mixing the external reflux exiting from the outer tube (flow pattern B) as shown in Fig. 1(b). In each flow

pattern, the fluid is completely mixed at the inlet and outlet of the tube.

After the following assumptions are made: constant physical properties and wall temperature, purely fully developed

laminar flow in each channel, and negligible axial diffusion as well as entrance length and end effects, the velocity

distributions and equations of energy in dimensionless from may be obtained as

o2wiðgi; nÞ
og2i

¼ W 2
i vðgiÞ
La

� �
owiðgi; nÞ

on
; i ¼ a; b; c; d; ð1Þ

viðgiÞ ¼ við6gi � 6g2i Þ; 06 gi 6 1; i ¼ a; b; c; d ð2Þ

in which

va ¼ �½V =WaB�; vb ¼ ½ðRþ 1ÞV =WbB�; vc ¼ ½ðRþ 1ÞV =WcB�; vd ¼ �½V =WdB�; gi ¼
xi
Wi

; n ¼ z
L
;

wi ¼
Ti � Ts
TI � Ts

; hi ¼ 1� wi ¼
Ti � TI
Ts � TI

; Wa ¼ Wd; Wb ¼ Wc; Gz ¼ V ðWa þ Wb þ Wc þ WdÞ
aBL

¼ VW
aBL

;

i ¼ a; b; c; d: ð3Þ

The boundary conditions for solving Eqs. (1) and (2) are

wað0; nÞ ¼ 0; ð4Þ

Fig. 1. Multi-pass parallel-plate heat exchangers with external refluxes at both ends: (a) flow pattern A; (b) flow pattern B.
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wað1; nÞ ¼ wbð1; nÞ; ð5Þ

� owað1; nÞ
oga

¼ Wa

Wb

owbð1; nÞ
ogb

; ð6Þ

wbð0; nÞ ¼ wcð0; nÞ; ð7Þ

� owbð0; nÞ
ogb

¼ Wb

Wc

owcð0; nÞ
ogc

; ð8Þ

wcð1; nÞ ¼ wdð1; nÞ; ð9Þ

� owcð1; nÞ
ogc

¼ Wc

Wd

owdð1; nÞ
ogd

; ð10Þ

wdð0; nÞ ¼ 0 ð11Þ

and the dimensionless outlet temperature is

hF ¼ 1� wF ¼ TF � TI
Ts � TI

: ð12aÞ

Inspection of Eqs. (1), (2) and (4)–(11) shows that the inlet conditions for four channels are not specified a priori and

reverse flow occurs. The analytical solutions to both flow patterns may be obtained by the use of an orthogonal ex-

pansion technique with the eigenfunction expanding in terms of an extended power series.

Separation of variables in the form

wiðgi; nÞ ¼
X1
m¼0

Si;mFi;mðgiÞGmðnÞ; i ¼ a; b; c; d ð12bÞ

applied to Eqs. (1) and (2) leads to

GmðnÞ ¼ e�kmð1�nÞ; ð13Þ

F 00
i;mðgiÞ �

kmW 2
i viðgiÞ
La

� �
Fi;mðgiÞ ¼ 0; i ¼ a; b; c; d ð14Þ

and also the boundary conditions in Eqs. (4)–(11) can be rewritten as

Fa;mð0Þ ¼ 0; ð15Þ

Sa;mFa;mð1Þ ¼ Sb;mFb;mð1Þ; ð16Þ

Sa;mF 0
a;mð1Þ ¼ �Wa

Wb

Sb;mF 0
b;mð1Þ; ð17Þ

Sb;mFb;mð0Þ ¼ Sc;mFc;mð0Þ; ð18Þ

Sb;mF 0
b;mð0Þ ¼ �Wb

Wc

Sc;mF 0
c;mð0Þ; ð19Þ

Sc;mFc;mð1Þ ¼ Sd;mFd;mð1Þ; ð20Þ

Sc;mF 0
c;mð1Þ ¼ �Wc

Wd

Sd;mF 0
d;mð1Þ; ð21Þ

Fd;mð0Þ ¼ 0; ð22Þ

where the primes on Fa;mðgaÞ, Fb;mðgbÞ, Fc;mðgcÞ and Fd;mðgdÞ denote the differentiations with respect to ga, gb, gc and gd,
respectively.

Combinations of Eqs. (16) and (17), Eqs. (18) and (19), and Eqs. (20) and (21) result in Eqs. (27)–(29), respectively

Fa;mð1Þ
F 0
a;mð1Þ

¼ �WbFb;mð1Þ
WaF 0

b;mð1Þ
; ð27Þ
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Fb;mð0Þ
F 0
b;mð0Þ

¼ �WcFc;mð0Þ
WbF 0

c;mð0Þ
; ð28Þ

Fc;mð1Þ
F 0
c;mð1Þ

¼ �WdFd;mð1Þ
WcF 0

d;mð1Þ
ð29Þ

in which the eigenfunctions Fa;mðgaÞ, Fb;mðgbÞ, Fc;mðgcÞ and Fd;mðgdÞ were assumed to be polynomials to avoid the loss of

generality. With the use of Eqs. (15) and (22), we have

Fa;mðgaÞ ¼
X1
n¼0

pm;ngn
a; pm;0 ¼ 0; pm;1 ¼ 1 ðselectedÞ; ð23Þ

Fb;mðgbÞ ¼
X1
n¼0

qm;ngn
b; qm;0 ¼ 1 ðselectedÞ; ð24Þ

Fc;mðgcÞ ¼
X1
n¼0

rm;ngn
c ; rm;0 ¼ 1 ðselectedÞ; ð25Þ

Fd;mðgdÞ ¼
X1
n¼0

tm;ngn
d; tm;0 ¼ 0; tm;1 ¼ 1 ðselectedÞ: ð26Þ

Substituting Eqs. (23)–(26) into (14), all the coefficients pm;n, qm;n, rm;n and tm;n may be expressed in terms of eigen-

values km after using Eqs. (15) and (22), as referred to in Appendix A. Therefore, it is easy to solve all eigenvalues from

Eqs. (27)–(29) and the eigenfunctions associated with the corresponding eigenvalues are also well defined by Eqs. (23)–

(26). These eigenvalues, km, thus calculated, include a positive set, a negative set and a complex set, each of which is

required for the counterflow system, the eigenvalues indicated in Table 1 are the set dominant in the system.

A demonstration of completeness and its justification based on Sturm–Liouville theorem have been developed, as

referred to in Appendix B, and the orthogonality conditions can be expressed as follows:

WbWcWd

Z 1

0

W 2
a vaðgaÞ
La

� �
Sa;mSa;nFa;nFa;m dga þ WcWdWa

Z 1

0

W 2
b vbðgbÞ
La

� �
Sb;mSb;nFb;nFb;m dgb þ WdWaWb

�
Z 1

0

W 2
c vcðgcÞ
La

� �
Sc;mSc;nFc;nFc;m dgc þ WaWbWc

Z 1

0

W 2
d vdðgdÞ
La

� �
Sd;mSd;nFd;nFd;m dgd

¼ 0 ð30Þ

when n 6¼ m. Since

wL;ab ¼
X1
m¼0

Sa;mFa;mðgaÞ ¼
X1
m¼0

Sb;mFb;mðgbÞ; ð31Þ

wL;cd ¼
X1
m¼0

Sc;mFc;mðgcÞ ¼
X1
m¼0

Sd;mFd;mðgdÞ: ð32Þ

Table 1

Eigenvalues and expansion coefficients as well as dimensionless outlet temperatures in double-pass devices with recycle for b ¼ 1 and

R ¼ 1; Gzk0 ¼ �1:5605 and Gzk1 ¼ �89:9486 (flow pattern A)

Gz m km Sa;m Sb;m Sc;m Sd;m wFðk0Þ wFðk0; k1Þ
1 0 )1.5605 8.3�10�2 4.7�10�2 4.7�10�2 8.3�10�2 0.2029 0.2029

1 )89.9486 3.5�10�46 7.1�10�12 7.1�10�12 )2.9�10�46
10 0 )0.1560 9.7�10�1 5.5�10�1 5.5�10�1 9.7�10�1 0.5819 0.5819

1 )8.9949 )4.8�10�12 )3.7�10�11 )3.7�10�11 )4.8�10�12
100 0 )0.0156 1.7733 1.0125 1.0125 1.7733 0.9285 0.9285

1 )0.8995 )1.5�10�7 )8.2�10�10 )8.2�10�10 )1.5�10�7
1000 0 )0.0016 1.9219 1.0974 1.0974 1.9219 0.9923 0.9923

1 )0.0899 1.3�10�7 1.2�10�9 1.2�10�9 1.3�10�7
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From the orthogonality conditions, the general expressions for the expansion coefficients may be obtained. Accord-

ingly, we have

WbWcWd

Z 1

0

wL;ab

W 2
a vaðgaÞ
La

� �
Sa;mFa;m dga þ WcWdWa

Z 1

0

wL;ab

W 2
b vbðgbÞ
La

� �
Sb;mFb;m dgb

þ WdWaWb

Z 1

0

wL;cd

W 2
c vcðgcÞ
La

� �
Sc;mFc;m dgc þ WaWbWc

Z 1

0

wL;cd

W 2
d vdðgdÞ
La

� �
Sd;mFd;m dgd

¼ WbWcWd

Z 1

0

S2a;m
W 2

a vaðgaÞ
La

� �
F 2
a;m dga þ WcWdWa

Z 1

0

S2b;m
W 2

b vbðgbÞ
La

� �
F 2
b;m dgb

þ WdWaWb

Z 1

0

S2c;m
W 2

c vcðgcÞ
La

� �
F 2
c;m dgc þ WaWbWc

Z 1

0

S2d;m
W 2

d vdðgdÞ
La

� �
F 2
d;m dgd: ð33Þ

Eq. (33) can be rewritten as

wL;ab

WbWcWdSa;m
km

F 0
a;mð1Þ

n�
� F 0

a;mð0Þ
o
þ WcWdWaSb;m

km
fF 0

b;mð1Þ � F 0
b;mð0Þg

�

þ wL;cd

WdWaWbSc;m
km

F 0
c;mð1Þ

n�
� F 0

c;mð0Þ
o
þ WaWbWcSd;m

km
F 0
d;mð1Þ

n
� F 0

d;mð0Þ
o�

¼ WbWcWdS2a;m Fa;mð1Þ
oF 0

a;mð1Þ
okm

"
� F 0

a;mð1Þ
oFa;mð1Þ
okm

þ F 0
a;mð0Þ

oFa;mð0Þ
okm

#

þ WcWdWaS2b;m Fb;mð1Þ
oF 0

b;mð1Þ
okm

"
� F 0

b;mð1Þ
oFb;mð1Þ
okm

þ F 0
b;mð0Þ

oFb;mð0Þ
okm

#

þ WaWdWbS2c;m Fc;mð1Þ
oF 0

c;mð1Þ
okm

"
� F 0

c;mð1Þ
oFc;mð1Þ
okm

þ F 0
c;mð0Þ

oFc;mð0Þ
okm

#

þ WaWbWcS2d;m Fd;mð1Þ
oF 0

d;mð1Þ
okm

"
� F 0

d;mð1Þ
oFd;mð1Þ
okm

þ F 0
d;mð0Þ

oFd;mð0Þ
okm

#
: ð34Þ

Also, the temperatures at n ¼ 1 for flow pattern A may also be calculated as follows:

wL;ab ¼
R 1

0
vbWbBwbðgb; 1Þdgb

V
¼ W

WbGz

X1
m¼0

Sb;m
km

F 0
b;mð1Þ

n
� F 0

b;mð0Þ
o
¼

�
R 1

0
vaWaBwaðga; 1Þdga
V ðRþ 1Þ

¼ �W
WaðRþ 1ÞGz

X1
m¼0

Sa;m
km

F 0
a;mð1Þ

n
� F 0

a;mð0Þ
o

ð35Þ

and

wL;cd ¼
R 1

0
vcWcBwcðgc; 1Þdgc

V
¼ W

WcGz

X1
m¼0

Sc;m
km

F 0
c;mð1Þ

n
� F 0

c;mð0Þ
o
¼

�
R 1

0
vdWdBwdðgd; 1Þdgd
V ðRþ 1Þ

¼ �W
WdðRþ 1ÞGz

X1
m¼0

Sd;m
km

F 0
d;mð1Þ

n
� F 0

d;mð0Þ
o
: ð36Þ

In Eq. (35) the terms,
R 1

0
vbWbBwbðgb; 1Þdgb and �

R 1

0
vaWaBwaðga; 1Þdga, denote the inlet stream of channel b and the

outlet stream of channel a, respectively; in Eq. (36) the terms,
R 1

0
vcWcBwcðgc; 1Þdgc and �

R 1

0
vdWdBwdðgd; 1Þdgd, denote

the inlet stream of channel c and the outlet stream of channel d, respectively. Accordingly, once all the eigenvalues are

found the possible associated expansion coefficients, Sa;m, Sb;m, Sc;m and Sd;m can be calculated from Eqs. (16), (18), (20)

and (34)–(36) with wL;ab and wL;cd as intermediate variables during the calculation procedure. Therefore, the dimen-

sionless outlet temperature wF;ab or wF;cd which is referred to as the bulk temperature for flow pattern A, may be cal-

culated by

wF;ab ¼
�
R 1

0
vaWaBwaðga; 0Þdga

V
¼ �W

WaGz

X1
m¼0

e�kmSa;m
km

F 0
a;mð1Þ

n
� F 0

a;mð0Þ
o

ð37Þ
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or

wF;cd ¼
�
R 1

0
vdWdBwdðgd; 0Þdgd

V
¼ �W

WdGz

X1
m¼0

e�kmSd;m
km

F 0
d;mð1Þ

n
� F 0

d;mð0Þ
o

ð38Þ

or may be examined by Eq. (41), which is readily obtained from the following overall energy balance on the outer tube:

V ð1� wF;abÞ þ V ð1� wF;cdÞ ¼
Z 1

0

aBL
Wa

owað0; nÞ
oga

dn þ
Z 1

0

aBL
Wd

owdð0; nÞ
ogd

dn ð39Þ

thus,

ð1� wF;abÞ þ ð1� wF;cdÞ ¼
1

Gz

X1
m¼0

Sa;mF 0
a;mð0Þ

ð1� e�kmÞW
kmWa

"
þ
X1
m¼0

Sd;mF 0
d;mð0Þ

ð1� e�kmÞW
kmWd

#
ð40Þ

or

wF;ab þ wF;cd ¼ 2� 1

Gz

X1
m¼0

Sa;mF 0
a;mð0Þ

ð1� e�kmÞW
kmWa

"
þ
X1
m¼0

Sd;mF 0
d;mð0Þ

ð1� e�kmÞW
kmWd

#
: ð41Þ

After the coefficients, Sa;m, Sb;m, Sc;m and Sd;m are obtained, the mixed inlet temperatures for flow pattern A are calculated

by

wiðgi; 0Þ ¼
ðR=Rþ 1Þ

R 1

0
vbiWbiBwiðgi; 1Þdgi

h i
þ V

V ðRþ 1Þ

¼ 1

Rþ 1
1

"
þ WiB

V
R

Rþ 1

� X1
m¼0

Si;m

Z 1

0

viðgiÞFi;mðgiÞdgi

#

� 1

Rþ 1
1

"
þ WiB

V
R

Rþ 1

� 
La
W 2

i

� X1
m¼0

Si;m
km

F 0
i;mð1Þ

n
� F 0

i;mð0Þ
o#

¼ 1

Rþ 1
1

"
þ WB
Wi Gz

R
Rþ 1

� X1
m¼0

Si;m
km

F 0
i;mð1Þ

n
� F 0

i;mð0Þ
o#

i ¼ b; c: ð42Þ

Similarly, for flow pattern B, in Eq. (42) with i ¼ a; d.

3. Temperature distributions in a single-pass device and a double-pass device

By following the same mathematical treatment performed in the previous works [15,16], except the types of a single-

pass device and a double-pass device, as shown in Figs. 2(a) and (b), the outlet temperature for double-pass devices (hF)
as well as for single-pass devices (h0;F) were also obtained in terms of the Graetz number (Gz), eigenvalues (km and k0;m),

Fig. 2. (a) Single- and (b) double-pass heat exchangers.
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expansion coefficients (Sa;m, Sb;m and S0;m), location of impermeable sheet (D) and eigenfunctions (Fa;mðgaÞ, Fb;mðgbÞ and
F0;mðg0Þ). The results are

hF ¼ 1� wF ¼ 1

Gz

X1
m¼0

ð1� e�kmÞ
kmD

Sa;mF 0
a;mð0Þ

"
þ
X1
m¼0

ð1� e�kmÞ
kmð1� DÞ Sb;mF

0
b;mð0Þ

#
; ð43Þ

h0;F ¼ 1� w0;F ¼ 1

Gz

X1
m¼0

ð1� e�k0;mÞ
k0;m

S0;mF 0
0;mð0Þ

�
� ð1� e�k0;mÞ

k0;m
S0;mF 0

0;mð1Þ
�
: ð44Þ

The results are represented in Figs. 5 and 6.

4. The improvement of transfer efficiency

The Nusselt number is defined as

Nu ¼ hW
k

ð45Þ

in which the average heat transfer coefficient is defined as

q ¼ hð2BLÞðTs � TIÞ: ð46Þ

Fig. 3. Dimensionless average inlet temperatures of fluid after mixing. Reflux ratio as a parameter; b ¼ 1 (flow pattern A).
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Since

hð2BLÞðTs � TIÞ ¼ V qcpðTF � TIÞ ð47Þ

or

h ¼ V qcp
2BL

TF � TI
Ts � TI

� 
¼ V qcp

2BL
ð1� wFÞ: ð48Þ

Thus

Nu ¼ hW
k

¼ VW
2aBL

ð1� wFÞ ¼ 0:5Gzð1� wFÞ ¼ 0:5GzhF: ð49Þ

Similarly, for a single-pass device without recycle

Nu0 ¼
h0W
k

¼ 2VW
2aBL

ð1� w0;FÞ ¼ Gzð1� w0;FÞ ¼ Gzh0;F: ð50Þ

The improvement of heat transfer, Ih, for double- and four-pass devices by inserting the impermeable sheet with

negligible thermal resistance are best illustrated by calculating the percentage increase in heat-transfer rate, based on the

heat transfer of a single-pass operation of the same Graetz number without recycle as

Ih ¼
Nu� Nu0

Nu0
%: ð51Þ

Fig. 4. Dimensionless average inlet temperatures of fluid after mixing. The ratio of channel thickness as a parameter; R ¼ 1 and 5 (flow

pattern A).
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5. Increment of power consumption

5.1. Power consumption in the single-pass device

The friction loss in conduits may be estimated by

‘wf ¼
2f v2L
De

; ð52Þ

where v and De denote the bulk velocity in the conduits and the equivalent diameters of the conduits, respectively,

while f ¼ 16=Re is the friction factor which is the function of Reynolds number, Re. As an illustration, the power

consumption of the single-pass device will be illustrated by the working dimensions as follows: L ¼ 1:2 m, W ¼ 0:04 m,
B ¼ 0:2 m, V ¼ 1� 10�5 m3/s, l ¼ 8:94� 10�4 kg/m s, q ¼ 997:08 kg/m3. From these numerical values, the friction loss

and hydraulic dissipated energy P0 in conduit of a single-pass device was calculated by the appropriate equations and

the results are

P0 ¼ 2V qð‘wf ;0Þ ¼ 1:073� 10�4 W ¼ 1:44� 10�7 hp: ð53Þ

5.2. Increment of power consumption in double- and multi-pass devices

For double- and multi-pass devices, the average velocity of the fluid and equivalent diameter of conduit for flow

pattern A are

v0 ¼
2V
BW

; va ¼
V
BWa

; vb ¼
V ðRþ 1Þ

BWb

; vc ¼
V ðRþ 1Þ

BWc

; vd ¼
V

BWd

; ð54Þ

Fig. 5. Dimensionless outlet temperature vs. Gz with reflux ratio as parameter; b ¼ 1 (flow pattern A).
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De;0 ¼ 2W ; De;a ¼ 2Wa; De;b ¼ 2Wb; De;c ¼ 2Wc; De;d ¼ 2Wd: ð55Þ

Thus, from Eqs. (54) and (55), one obtains

Re0 ¼ 2Re;a ¼
2

ðRþ 1ÞRe;b ¼
2

ðRþ 1ÞRe;c ¼ 2Re;d ð56Þ

and then we have, for laminar flow

f0 ¼
1

2
fa ¼

ðRþ 1Þ
2

fb ¼
ðRþ 1Þ

2
fc ¼

1

2
fd: ð57Þ

The increment of power consumption, Ip, may be defined as

Ip ¼
P � P0
P0

¼ ½‘wf ;a þ ðRþ 1Þ‘wf;b þ ðRþ 1Þ‘wf ;c þ ‘wf ;d� � ð2‘wf ;0Þ
2‘wf ;0

; ð58Þ

where P ¼ V q½‘wf ;a þ ðRþ 1Þ‘wf ;b þ ðRþ 1Þ‘wf;c þ ‘wf ;d�.
Substitution of Eqs. (51)–(55) into Eq. (56) results in Eqs. (58) and (59) for flow pattern A and flow pattern B,

respectively.

Ip ¼
1

2

W
Wa

� 3

þ 1

2
ðRþ 1Þ2 W

Wb

� 3

� 1; ð59Þ

Ip ¼
1

2
ðRþ 1Þ2 W

Wa

� 3

þ 1

2

W
Wb

� 3

� 1: ð60Þ

Fig. 6. Dimensionless outlet temperature vs. Gz with b as parameter; R ¼ 1 and 5 (flow pattern A).
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Similarly, for a double-pass device

Ip ¼
1

D3
þ 1

ð1� DÞ3
� 1: ð61Þ

It is readily obtained from Eq. (61) that Ip ¼ 1000, 36 and 15 for D ¼ 0:1 (or 0.9), 0.3 (or 0.7) and 0.5, respectively.

Some results for Ip of multi-pass device are presented in Tables 4 and 5 for flow pattern A and flow pattern B, re-

spectively. It is seen from this table that the increment of power consumption does not depend on Graetz number

but increases with the reflux ratio or as b goes away from 1, especially for b > 1 in flow pattern A and b < 1 in flow

pattern B.

6. Results and discussion

The equation of multi-pass heat exchangers with external refluxes has been developed and solved by the use of the

orthogonal expansion technique. Table 1 shows some calculation results of the first two eigenvalues and their associated

expansion coefficients, as well as the dimensionless outlet temperatures, for b ¼ 1, R ¼ 1, and Gz ¼ 1, 10, 100 and 1000.

It was observed that due to the rapid convergence, only the first negative eigenvalues is necessary to be considered

during the calculation of temperature distributions.

6.1. Flow pattern A

The mixed dimensionless inlet temperature increases with the amount of the reflux fluid (or reflux ratio), and the

temperature of reflux fluid increases with the residence time which is inversely proportional to the inlet volume rate (or

the Graetz number). Accordingly, it is shown in Figs. 3 and 4 that the dimensionless inlet temperature of fluid after

Fig. 7. Average Nusselt number vs. Gz with reflux ratio as parameter; b ¼ 1 (flow pattern A).
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mixing increases with reflux ratio and with decreasing b but decreases with Graetz number. Although the recycle-effect

has positive influences on heat transfer, the preheating effect by increasing the reflux ratio cannot compensate for the

decrease of residence time at low Graetz number, and hence the outlet temperature (or heat transfer) decreases with

increasing reflux ratio. The comparison of dimensionless outlet temperatures, hF and h0;F, as well as average Nusselt
numbers, Nu and Nu0, may be observed from Figs. 5–8. Fig. 5 shows another more practical form of dimensionless

outlet temperature hF (or h0;F) vs. Gz with the reflux ratio R as a parameter for b ¼ 1 while Fig. 6 with the ratio of

channel thickness b as a parameter. It was also found in Figs. 5 and 6 and Table 2 that the dimensionless average outlet

temperature decreases with increasing the Graetz number Gz owing to the short residence time of fluid, but increases as

the reflux ratio R increases, due to the preheating effect, or when the ratio of channel thickness b decreases, due to the

creation of high convective heat-transfer coefficient in channel a (and channel d) where the temperature difference

between the heated plate and fluid is larger than in channel b (and channel c). It is seen from Figs. 5 and 6 that the

difference (hF � h0;F) of outlet temperatures decreases with Gz, and then turns to decreasing with any values of R and b.
The Nusselt numbers (Nu and Nu0) and hence the improvement of transfer efficiencies (Ih) are proportional to hF (or

h0;F), as shown in Eqs. (55)–(57), so the higher improvement of performance is really obtained by employing a four-pass

Fig. 8. Average Nusselt number vs. Gz with b as parameter; R ¼ 1 and 5 (flow pattern A).

Table 2

The improvement of the transfer efficiency with reflux ratio and sheetposition as parameters (flow pattern A)

Ih (%) R ¼ 1 R ¼ 2 R ¼ 5

b ¼ 1=3 b ¼ 1 b ¼ 3 b ¼ 1=3 b ¼ 1 b ¼ 3 b ¼ 1=3 b ¼ 1 b ¼ 3

Gz ¼ 1 )10.54 )18.58 )24.49 )8.04 )15.09 )20.56 )5.79 )11.94 )17.05
Gz ¼ 10 78.71 26.92 )1.51 81.46 29.69 1.00 84.17 32.36 3.37

Gz ¼ 100 240.66 80.88 22.66 243.47 83.14 24.58 246.25 85.32 26.40

Gz ¼ 1000 283.48 90.98 26.58 285.99 93.06 28.38 288.46 95.07 30.09
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device, instead of using a single-pass device for large Graetz numbers and a double-pass device (b ¼ 0 and Wb ¼
Wc ¼ W =2) for all Graetz numbers, if the volumetric flow rate in all devices is kept the same. Fig. 7 shows the theoretical

average Nusselt numbers Nu vs. Gz, with the reflux ratio as a parameter for b ¼ 1 while Fig. 8 with reflux ratio and the

ratio of the channel thickness b as parameters. On the other hand, as shown in Fig. 7, (Nu� Nu0) increases with Gz or

with reflux ratio R, but the increase with Gz is limitted as Gz approaches infinitly. It is concluded that Nusselt number

increases with increasing R, but with decreasing Graetz number as well as the ratio of channel thickness b. Some
numerical values of the improvement in performance Ih were given in Table 2. The minus signs in Table 2 indicate that

when Gz ¼ 1, no improvement in transfer efficiency can be achieved for any R and b, and in this case, the single-pass

device without recycle is preferred to be employed rather than using the four-pass one with recycle operating at such

conditions.

6.2. Flow pattern B

The calculation methods are similar to those in the previous section of flow pattern A. Theoretical average Nusselt

numbers and improvement of the transfer efficiency with Graetz number, reflux ratio and the ratio of the thickness b as

parameters, as presented in Figs. 9 and 10 and Table 3, were obtained for flow pattern B in Fig. 1(b). One may notice in

Fig. 9 and Table 3 that the values of Nusselt number increase with R but the increase with R is in the reverse order for

Gz > 200. A comparison of Figs. 7 and 8 with Figs. 9 and 10 indicates an enhancement of heat-transfer rate occurs for

flow pattern B. Tables 4 and 5 show that the power consumption calculated for both flow patterns by assuming only the

friction losses to the walls were significant. Operation under these conditions, the theoretical predictions show that the

friction losses estimated by Eqs. (59)–(61), actually are still small even for such high value of b (P ¼ 1:328� 10�3 hp).

However, the increment of power consumption in flow pattern B is higher than that in flow pattern A, especially for

b < 1, and in designing both flow pattern A and flow pattern B with a proper selection of reflux ratio and the ratio of

channel thickness should be economically feasible in the device of multi-pass heat exchangers.

Fig. 9. Average Nusselt number vs. Gz with reflux ratio as parameter; b ¼ 1 (flow pattern B).
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Fig. 10. Average Nusselt number vs. Gz with b as parameter; R ¼ 1 and 5 (flow pattern B).

Table 3

The improvement of the transfer efficiency with reflux ratio and sheet position as parameters (flow pattern B)

Ih (%) R ¼ 1 R ¼ 2 R ¼ 5

b ¼ 1=3 b ¼ 1 b ¼ 3 b ¼ 1=3 b ¼ 1 b ¼ 3 b ¼ 1=3 b ¼ 1 b ¼ 3

Gz ¼ 1 )37.94 )40.45 )42.43 )27.71 )29.65 )31.38 )14.69 )17.00 )19.68
Gz ¼ 10 62.11 30.33 9.35 76.39 38.77 14.85 89.94 45.72 18.35

Gz ¼ 100 313.23 138.14 69.46 317.04 136.76 66.71 318.12 132.23 61.11

Gz ¼ 1000 404.00 164.11 81.45 398.62 159.01 76.51 390.22 150.62 68.72

Table 4

The increment of power consumption with reflux ratio and sheet position as parameters (flow pattern A)

Ip

R b ¼ 1=3 b ¼ 1 b ¼ 3

0.5 276.42 103 584.52

1 293.07 159 1032.52

2 340.65 319 2312.52

5 597.61 1183 9224.52
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7. Conclusion

Heat transfer through multi-pass parallel-plate operations with an impermeable sheet of negligible thermal resis-

tance have been investigated and solved analytically by the use of the orthogonal expansion technique with the ei-

genfunction expanding in terms of an extended power series. The methods for improving the performance in heat

transfer device are either in the double-pass operation by inserting an impermeable sheet or in the multi-pass operation

by inserting three impermeable sheets with negligible thermal resistance. Application of the recycle-effect concept in

designing a multi-pass heat exchanger is technically and economically feasible. Moreover, further improvement in

transfer efficiency may be obtained if the smaller ratio of channel thickness b is selected. The comparison of transfer

efficiencies between multi-pass devices and a single-pass device is readily observed from Figs. 7 and 9 and Tables 2 and

3. The improvement of performance is really obtained by employing multi-pass devices, instead of using a single-pass

device of same size without recycle, and the improvement increases with increasing the Graetz number and reflux ratio,

as well as with decreasing the ratio of channel thickness. The reason why the improvement increases with decreasing the

ratio of channel thickness may be considered as that the enhancement of heat transfer in outer channel due to de-

creasing the thickness of the outer channel to increase the flow velocity can compensate for the decrease of heat transfer

in the inner channel with reflux ratio R due to driving force in outer channel is larger than that in inner channel, leading

to improved performance.

There are several possible arrangements with different types of refluxes, each type of reflux results in improving heat

transfer efficiencies with Graetz number of interest, a suitable selection of the type of reflux would be come out an

evident advantage for practical applications. It is apparent that the mathematical treatments developed in this study are

only conducted in a heat-transfer sense with constant wall temperature, the present theory and method may also be

applied to other conjugated Graetz problems in heat-or mass-transfer devices with constant heat flux or mass flux on

the boundary.
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Appendix A

Eq. (14) can be rewritten as

F 00
a;mðgaÞ � Gz;mðRþ 1ÞWa

W
ð6ga � 6g2aÞFa;mðgaÞ ¼ 0; ðA:1Þ

F 00
b;mðgbÞ þ Gz;m

Wb

W
ð6gb � 6g2bÞFb;mðgbÞ ¼ 0; ðA:2Þ

F 00
d;mðgdÞ � Gz;mðRþ 1ÞWd

W
ð6gd � 6g2dÞFd;mðgdÞ ¼ 0; ðA:3Þ

F 00
c;mðgcÞ þ Gz;m

Wc

W
ð6gc � 6g2cÞFc;mðgcÞ ¼ 0: ðA:4Þ

Table 5

The increment of power consumption with reflux ratio and sheet position as parameters (flow pattern B)

Ip

R b ¼ 1=3 b ¼ 1 b ¼ 3

0.5 584.52 103 276.42

1 1032.52 159 293.07

2 2312.52 319 340.65

5 9224.52 1183 597.61
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Combining Eqs. (A.1)–(A.4) and (15)–(26) yields

pm;2 ¼ 0; pm;3 ¼ 0; pm;4 ¼
1

2
kmGzðRþ 1ÞWa

W
; . . . ; pm;n ¼

6kmGzðRþ 1Þðpm;n�3 � pm;n�4Þ
nðn� 1Þ

Wa

W
; ðA:5Þ

qm;2 ¼ 0; qm;3 ¼ �kmGz
Wb

W
qm;0; . . . ; qm;n ¼ � 6kmGzðqm;n�3 � qm;n�4Þ

nðn� 1Þ
Wb

W
; ðA:6Þ

rm;2 ¼ 0; rm;3 ¼ �kmGz
Wc

W
rm;0; . . . ; rm;n ¼ � 6kmGzðrm;n�3 � rm;n�4Þ

nðn� 1Þ
Wc

W
; ðA:7Þ

tm;2 ¼ 0; tm;3 ¼ 0; tm;4 ¼
1

2
kmGzðRþ 1ÞWd

W
; . . . ; tm;n ¼

6kmGzðRþ 1Þðtm;n�3 � tm;n�4Þ
nðn� 1Þ

Wd

W
: ðA:8Þ

Appendix B

A demonstration of completeness and its justification based on Sturm–Liouville theorem

From Eq. (14) with i ¼ a

Sa;mF 00
a;mðgaÞ � km

W 2
a vaðgaÞ
La

� �
Sa;mFa;mðgaÞ ¼ 0; ðB:1Þ

Sa;nF 00
a;nðgaÞ � kn

W 2
a vaðgaÞ
La

� �
Sa;nFa;nðgaÞ ¼ 0: ðB:2Þ

Multiplying Eq. (B.1) by Sa;nFa;n and Eq. (B.2) by Sa;mFa;m, and subtract the results get

Sa;mSa;n Fa;nðgaÞF 00
a;mðgaÞ

h
� Fa;mðgaÞF 00

a;nðgaÞ
i
þ ðkn � kmÞ

W 2
a vaðgaÞ
La

� �
Sa;mSa;nFa;nFa;m ¼ 0: ðB:3Þ

Integrating over the region of interest givesZ 1

0

Sa;mSa;n Fa;nF 00
a;m

h
� Fa;mF 00

a;n

i
dga þ ðkn � kmÞ

Z 1

0

W 2
a vaðgaÞ
La

� �
Sa;mSa;nFa;nFa;m dga ¼ 0: ðB:4Þ

Integrating by parts in the first term of Eq. (B.4) gives

Z 1

0

Sa;mSa;n Fa;nF 00
a;m

h
� Fa;mF 00

a;n

i
dga ¼ Sa;mSa;n Fa;nF 0

a;m

h
� Fa;mF 0

a;n

i1
0
�
Z 1

0

Sa;mSa;n F 0
a;nF

0
a;m

h
� F 0

a;mF
0
a;n

i
dga

¼ Sa;mSa;n Fa;nF 0
a;m

h
� Fa;mF 0

a;n

i1
0
: ðB:5Þ

Then Eq. (B.4) can be rewritten as

Sa;mSa;n Fa;nF 0
a;m

h
� Fa;mF 0

a;n

i1
0
þ ðkn � kmÞ

Z 1

0

W 2
a vaðgaÞ
La

� �
Sa;mSa;nFa;nFa;m dga ¼ 0 ðB:6Þ

Similarly, one can obtain the same equations for subchannels b, c and d as follows:

Sb;mSb;n Fb;nF 0
b;m

h
� Fb;mF 0

b;n

i1
0
þ ðkn � kmÞ

Z 1

0

W 2
b vbðgbÞ
La

� �
Sb;mSb;nFb;nFb;m dgb ¼ 0; ðB:7Þ

Sc;mSc;n Fc;nF 0
c;m

h
� Fc;mF 0

c;n

i1
0
þ ðkn � kmÞ

Z 1

0

W 2
c vcðgcÞ
La

� �
Sc;mSc;nFc;nFc;m dgc ¼ 0; ðB:8Þ

Sd;mSd;n Fd;nF 0
d;m

h
� Fd;mF 0

d;n

i1
0
þ ðkn � kmÞ

Z 1

0

W 2
d vdðgdÞ
La

� �
Sd;mSd;nFd;nFd;m dgd ¼ 0: ðB:9Þ
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Multiplying Eq. (B.6) by WbWcWd, Eq. (B.7) by WcWdWa, Eq. (B.8) by WdWaWb and Eq. (B.9) by WaWbWc, and add the

results yield

WbWcWdSa;mSa;n½Fa;nF 0
a;m � Fa;mF 0

a;n�
1
0 þ WbWcWdðkn � kmÞ

Z 1

0

W 2
a vaðgaÞ
La

� �
Sa;mSa;nFa;nFa;m dga

þ WcWdWaSb;mSb;n½Fb;nF 0
b;m � Fb;mF 0

b;n�
1
0 þ WcWdWaðkn � kmÞ

Z 1

0

W 2
b vbðgbÞ
La

� �
Sb;mSb;nFb;nFb;m dgb

þ WdWaWbSc;mSc;n Fc;nF 0
c;m

h
� Fc;mF 0

c;n

i1
0
þ WdWaWbðkn � kmÞ

Z 1

0

W 2
c vcðgcÞ
La

� �
Sc;mSc;nFc;nFc;m dgc

þ WaWbWcSd;mSd;n Fd;nF 0
d;m

h
� Fd;mF 0

d;n

i1
0
þ WaWbWcðkn � kmÞ

Z 1

0

W 2
d vdðgdÞ
La

� �
Sd;mSd;nFd;nFd;m dgd ¼ 0 ðB:10Þ

using Eqs. (15)–(22) in Eq. (B.10) and with kn 6¼ km give the orthogonality conditions as shown in Eq. (30).
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